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1. Notation
$A=(a_{ij})_{ii\in I}$ (1)$-(3)$ $n$ (GGCM)
(C1) $a_{ii}=2$ , or $a_{ii}\leq 0$ ;
(C2) $a_{ij}\leq 0(i\neq j),$ $a_{ij}\in Z$ if $a_{ii}=2$;
(C3) $a_{ij}=0\Leftrightarrow a_{ji}=0$ .
$\mathfrak{g}(A)$ GGCM $A$ generalized Kac-Moody algebra $(=$
GKM algebra) $\mathfrak{h}$ Cartan subalgebra . $\Pi=\{\alpha_{i}\}_{i\in I}$ simple root cl\supset
$\Pi^{\vee}=\{\alpha_{i}^{\vee}\}_{i\in I}$ simple coroot $g(A)$ root space
: $\mathfrak{g}(A)=\mathfrak{h}\oplus\sum_{\alpha\in\Delta}^{\oplus}\pm \mathfrak{g}_{\alpha}$ $\circ$ $\mathfrak{g}_{\alpha}$ $\alpha\in\triangle^{\pm}\subset \mathfrak{h}^{*}$ root
space
$J$ $I$ $A$ $A_{J}$ $:=$






$W(J)$ $:=\{w\in W|\triangle^{+}\cap w(\triangle^{-})\subset\triangle^{+}(J)\}$ ,
where $\Delta_{J}^{+}:=\triangle^{+}\cap(\Sigma_{i\in J}Z_{\geq 0}\alpha_{i}),$ $\triangle^{+}(J):=\triangle^{+}\backslash \triangle_{J}^{+}$ .
2. The existence of the BGG resolution for GKM algebras
$P^{+}$ $:=$ { $\mu\in \mathfrak{h}^{*}|<\mu,$ $\alpha_{i}^{\vee}>\geq 0(i\in I),$ $<\mu,$ $\alpha_{i}^{\vee}>\in Z_{\geq 0}$ if $a_{ii}=2$}, $P_{J}^{+}$ $:=$
$\{\mu\in \mathfrak{h}^{*}|<\mu, \alpha_{j}^{\vee}>\in Z_{\geq 0}(j\in J)\}$ $L(\Lambda)(\Lambda\in P^{+})$ A
g(A)- $\lambda\in P_{J}^{+}$ $L_{m}(\lambda)$ $\lambda$
$m$- $V_{m}(\lambda)=U(\mathfrak{g}(A))\otimes_{U(\mathfrak{p})}L_{m}(\lambda)$ $\lambda$ generalized





Theorem 2.1. ( ) $A=(a_{ij})_{i,j\in I}$ GGCM
$L(\Lambda)(\Lambda\in P^{+})$ $\mathfrak{g}(A)$ - $C_{p}(A)$ $\mathfrak{g}(A)$ - $\partial_{p}$
$0arrow L(\Lambda)arrow\partial_{0}C_{0}(\Lambda)arrow\partial_{1}C_{1}(\Lambda)arrow\partial_{2}C_{2}(\Lambda)arrow^{\partial_{3}}$ ... ,
where $C_{p}(\Lambda)=$ $\sum^{\oplus}$ $V_{m}(w(\Lambda+\rho-\beta)-\rho)(p\geq 0)$ .
$w\in W(J),\beta\in S(\Lambda)$
$t(w)+ht(\beta)=p$
$S:=$ {sum of distinct pairwise perpendicular simple roots $\alpha_{i}$ with $a_{ii}\leq$
$0\},$ $S(\Lambda):=$ { $\beta\in S|\beta$ is perpendicular to $\Lambda$ } $\rho$ $<\rho,$ $\alpha_{i}^{\vee}>=(1/2)\cdot a_{ii}(i\in$
$I)$ $\mathfrak{h}^{*}$
Theorem 2.1 Lemma
Lemma 2.2. A $\in P^{+},$ $w_{i}\in W(J),$ $\beta_{i}\in S(\Lambda)(i=1,2)$
$Ext_{(g(A),m)}^{1}(V_{m}(w_{1}(\Lambda+\rho-\beta_{1})-\rho), V_{m}(w_{2}(\Lambda+\rho-\beta_{2})-\rho))\neq 0$ ,
$\ell(w_{1})+ht(\beta_{1})_{\neq}<\ell(w_{2})+ht(\beta_{2})$ .
3. Homology vanishing theorems
Theorem 2.1
Proposition 3.1. A $\in P^{+},$ $\mu\in P_{J}^{+}$ $\check{}$ $\mu\neq w(\Lambda+\rho-\beta)-\rho$ for
any $w\in W(J),$ $\beta\in S(\Lambda)$
$Tor_{n}^{g(A)}(L^{*}(\Lambda), V_{\mathfrak{m}}(\mu))=0(n\geq 0)$ ,
$Tor_{n}^{(g(A),m)}(L^{*}(\Lambda), V_{m}(\mu))=0(n\geq 0)$ .
$L^{*}(\Lambda)$ $-\Lambda$ lowest weight lowest weight $g(A)$-
Theorem 3.2. $\Lambda_{1},$ $\Lambda_{2}\in P^{+}$ . $\Lambda_{1}-\Lambda_{2}\neq\beta_{1}-\beta_{2}$ for any $\beta_{i}\in S(\Lambda_{i})(i=1,2)$
$Tor_{n}^{g(A)}(L^{*}(\Lambda_{1}), L(\Lambda_{2}))=0(n\geq 0)$ ,
$Tor_{n}^{(g(A),\mathfrak{m})}(L^{*}(\Lambda_{1}), L(\Lambda_{2}))=0(n\geq 0)$.
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Corollary 3.3. A $\in P^{+}$ . $\Lambda\neq\beta_{1}-\beta_{2}$ for any $\beta_{1}\in S(\Lambda),$ $\beta_{2}\in S$
$H_{n}(\mathfrak{g}(A), L(\Lambda))=0(n\geq 0)$ ,
$H_{n}(\mathfrak{g}(A), m, L(\Lambda))=0(n\geq 0)$ .
$\Lambda=0$ relative Lie algebra homology $H_{n}(\mathfrak{g}(A), m, \mathbb{C})$
Theorem
Theorem 3.4.
$H_{2s+1}(\mathfrak{g}(A), m, \mathbb{C})=0(s\geq 0)$ ,
$\dim_{\mathbb{C}}H_{2s}(\mathfrak{g}(A), m, C)$
$=the$ number of elements of the set $\{(w, \beta)\in W(J)\cross S|\ell(w)+ht(\beta)=s\}$
$=the$ number of m-irreducible components
in the Lie algebra homology $H_{s}(u^{-}, \mathbb{C})(s\geq 0)$ .
4. Verma module embeddings and the strong BGG resolution for
GKM algebras
Theorem 2.1 ‘ map $\partial_{p}(p\geq 0)$
resolution $J=\emptyset$ explicit Theorem 2.1
equivalent
$\Pi^{re}$ $:=\{\alpha_{i}\in\Pi|a_{ii}=2\},$ $\Pi^{im}$ $:=\{\alpha_{i}\in\Pi|a_{ii}\leq 0\}$ $\triangle^{re}$ $:=W(\Pi^{re})$
real root $\triangle^{im}$ $:=\triangle\backslash \triangle^{re}$ imaginary root
Definition 4.1. $w_{1},$ $w_{2}\in W,$ $\gamma\in\triangle^{re}\cap\triangle^{+}$ $w_{1}=r_{\gamma}w_{2}(r_{\gamma}$ $\gamma$
simple reflection) $l(w_{1})=\ell(w_{2})+1$ $w_{1}arrow\gamma w_{2}$
$\gamma\in\triangle^{re}\cap\Delta^{+}$ $w_{1}arrow w_{2}$ $w,$ $w’\in W$
$w=w’$
$w=w_{0}arrow w_{1}arrow\cdotsarrow w_{r}arrow w_{r+1}=w’$
$w_{1},$ $\cdots w_{r}\in W$ $w\leq w’$
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Definition 4.2. $\beta_{1)}\beta_{2}\in S,$ $\alpha_{j}\in\Pi^{im}$ $\beta_{1}=\beta_{2}+\alpha_{j}$
$\beta_{1}arrow\alpha_{j}\beta_{2}$ $\alpha_{j}\in\Pi^{im}$ $\beta_{1}arrow\beta_{2}$
$\beta=\Sigma_{k\in K}\alpha_{k},$ $\beta’=\Sigma_{f\in L}\alpha_{l}\in S$ $K\supset L$ $\beta\geq\beta’$
Definition 4.3. $(w_{1}, \beta_{1}),$ $(w_{2}, \beta_{2})\in W\cross S$
$w_{1}arrow w_{2}$ and $\beta_{1}=\beta_{2}$ $w_{1}=w_{2}$ and $\beta_{1}arrow\beta_{2}$
$(w_{1}, \beta_{1})r(w_{2}, \beta_{2})$
$\circ$
Remark 4.4. $(w_{1}, \beta_{1}),$ $(w_{2}, \beta_{2})\in W\cross S$
$(w_{1}, \beta_{1})r(w, \beta)o(w_{2}, \beta_{2})$
$(w, \beta)\in W\cross S$ $0$ 2
Proposition 4.5. $\Lambda\in P^{+},$ $w_{1},$ $w_{2}\in W,$ $\beta_{1},$ $\beta_{2}\in S(\Lambda)$
$\dim_{\mathbb{C}}Hom_{g(A)}(V(w_{1}(\Lambda+\rho-\beta_{1})-\rho), V(w_{2}(\Lambda+\rho-\beta_{2})-\rho))\leq 1$ .
Remark 4.6. $\lambda,$ $\mu\in \mathfrak{h}^{*}$ $f\in Hom_{g(A)}(V(\lambda), V(\mu))$ non-zero
$f$ injective $V(\lambda)\subset V(\mu)$





[V $(w_{2}(\Lambda+\rho-\beta_{2})-\rho)$ : $L(w_{1}(\Lambda+\rho-\beta_{1})-\rho)$] $\neq 0$ .
$\lambda,$ $\mu\in \mathfrak{h}^{*}$ $[V(\lambda) : L(\mu)]$ $L(\mu)$ $V(\lambda)$
Definition 4.8. $\{(w_{1}, \beta_{1}), (w_{2}, \beta_{2}), (w_{3}, \beta_{3}), (w_{4}, \beta_{4})\}$ $W\cross S$
(square’
$(w_{1}, \beta_{1})r(w_{i}, \beta_{i})\mathfrak{n}(w_{4}, \beta_{4})(i=2,3)$ , $(w_{2}, \beta_{2})\neq(w_{3}, \beta_{3})$
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Lemma 4.9. curvearrow $(w_{1}, \beta_{1})\cap(w_{2}, \beta_{2})$ $c((w_{1}, \beta_{1}),$ $(w_{2}, \beta_{2}))$
$\in\{1, -1\}$ square’ $\{(w_{1}, \beta_{1}), (w_{2}, \beta_{2}), (w_{3}, \beta_{3}), (w_{4}, \beta_{4})\}$
4 curvearrow $-1$
Theorem 2.1 resolution $J=\emptyset$
$C_{p}(\Lambda)=$ $\sum^{\oplus}$ $V(w(\Lambda+\rho-\beta)-\rho)(p\geq 0)$
$w\in W,\beta\in S(\Lambda)$
$t(w)+ht(\beta)=p$
$(w_{1}, \beta_{1}),$ $(w_{2}, \beta_{2})\in W\cross S$ such that $w_{1}\leq w_{2}$ and $\beta_{1}\geq\beta_{2}$
$0\neq\iota_{(w_{1},\beta_{1}))(w_{2},\beta_{2})}\in Hom_{\mathfrak{g}(A)}(V(w_{1}(\Lambda+\rho-\beta_{1})-\rho), V(w_{2}(\Lambda+\rho-\beta_{2})-\rho))$
“compatible” Theorem
Theorem 4.10. $\Lambda\in P^{+}$ $p\in Z_{\geq 1}$ $d_{p}$ : $C_{p}(\Lambda)arrow C_{p-1}(\Lambda)$





where $d_{(w_{1},\beta_{1}),(w_{2},\beta_{2})}^{p}$ $:=c((w_{1}, \beta_{1}),$ $(w_{2}, \beta_{2}))$ if $(w_{1}, \beta_{1})\cap(w_{2}, \beta_{2})$ ,
and $d_{(w_{1},\beta_{1}),(w_{2},\beta_{2})}^{p}$ $:=0$ otherwise.
sequence exact Theorem 2.1 exact sequence
equivalent
$0arrow L(\Lambda)arrow^{d_{0}}C_{0}(\Lambda)arrow^{d_{1}}C_{1}(\Lambda)arrow^{d_{2}}C_{2}(\Lambda)arrow^{d_{3}}$ ... ,
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